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IY'STABILITY OF OpEm AFlD CLOSED WTES OF REVOLUTION 

By S. A. Clevenson, E. Widmyer, Jr., 
and Franklin W. Dieder ich 

SUMMARY 

Aeroelastic  instability phenomena of isolated open and closed  rigid 
bodies of revolution  free  to move under e las t ic   res t ra in t  have been 
investigated experimentally a t  low speeds by meam of models suspended 
a t  zero  angles of attack and yaw on slender  f lexfble  struts frm a wind- 
tunnel cei l ing.   Wee  types of ins tab i l i ty  were observed - f l u t t e r  simi- 
lar to classfcal bending-torsion f l u t t e r ,  divergence, and an uncoupled 
osci l la tory  fmtabi l i ty  which consists in nonviolent  continuous or inter-  
mittent  small+mrplitude  oscillations involving only angular deformations. 

8s low as about  one-third of the speed at  f l u t t e r  m divergence and t o  
depend an the shape of the body, particularly that of the afterbody, and 

- The speeds at which this osci l la tory  instabi l i ty  starts were found t o  be 

- on the  relative  location of the  e las t ic   axis ,  

An attemgt has been d e  to  calculate the airspeeds and, in  the 
case of the  oscillatory phenomena, the frequencies a t  which these  insta- 
b i l i t i e s  occur by us- slender-body  theory  for  the aerodynamic forces 
on the  bodies and neglecting the aerodynamic forcee on the   s t ru ts .  Eow- 
ever,  the agreement between the speeds and frequencies  calculated in this 
manner and those  actually observed has been found t o  be  generally  unsat- 
isfactory; w i t h  the  exception of the  frequencies of the uncou$led oscil-  
lations which could be predicted  with fair accuracy. The nature of the 
observed phencanena and of the forces on bodies of revolution  suggests 
that  a  significant imprwement in the  &ccuracy of analytical  predictions 
of these  aeroelastic  fnstabil i t ies can be had only by taking into account 
the  effects of boundary-layer Beparation on the aerodynamic forces. 

. 
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Flutter,  divergence, and similar aeroelastic  instabil i ty problems of 
w i n g s  and t a l l  surfaces have been  recognfzed for a long time. On the 
other hand, the  related problem of aeroehs t ic  instabil i ty of bodies of 
revolution  (generally  hereinafter  referred  to simply as 'bodies") has 
become of interest only recently, primarily because  only  recently have 
external stares and fuel  tank6 in the shape of bodies of revolution been 
carried on high-speed airplanes, and only at high speeds do the  aero- 
dynamic forces  exerted on bodies a t  low angles of attack become suffi- 
ciently  large  to  give rise t o  aeroelastic problems. 

There are several differences in the  aeroelastic instability phe- 
nomena of wings and of bodies, that is, in the nature of the motions, i n  
the  nature of the aerodynamic forces involved, and in the  nature of the 
result ing phenomena. 

The aeroelastic phenolnena of wings essentially  involve  deformations 
of the w i n g s  themselves,  whereas  those of bodies are very unlikely t o  
involve significant  deformations of the bodies and are  based, instead, 
on the deformation of the menibers supporting the body. For Instance, a 
f u e l  tank carried on t w o  struts, me behind the other, under a w i n g ,  or 
a ram Jet  carried 6imila;rly on supports above the fuselage can move later- 
ally &s a result  of the sidewise deflectfans of both struts in the same 
direction, and they can be yawed  by a deflection of the  f ront   s t rut  t o  
one side and of the rear s t r u t  to the other. In these two degrees of 
freedom, classical  f lutter may OCCUT under the  proper  circumstances; 
under other c i r cmtances  and involving only the yawing degree of free- 
dom, c lassical  divergence may OCCUT. 

The aerodynamic forces on w i n g s  a t  mall angles of attack or under- 
going oscfllatlons of small amplitude  about  zero  angle of attack can 
generally be calculated with sufficient accuracy by potential-flow  theory; 
they  are linear flmctlons of the  angle of attack or the  amplitude,  respec- 
tively, and are not  influenced in  an essential  way by the boundary layer. 
(Ekceptions t o  this statement  are  the  forces  causing such nonclassical 
instabi l i ty  phenomena as stall f lut ter ,   a i leron buzz, and w i n g  buffeting.) 
The aerodynmic  forces on bodies of revolution, however, are often essen- 
tially determined by the  effects of viscous flaw. For instance, the lift 
which is ham to  ex is t  on bodies at an angle of attack in steady flaw is 
due e n t i r e l y  t o  these effects, because potential-flow theory  predicts  zero 
lift for t h i s  case. This lift is often &11 int r insical ly  nonlinear function 
of the angle of attack. (See ref. 1, for instance .) Consequently, the 
aeroelastic instabi l i ty  phenomena of bodies  are more likely t o  be of a 
nonclassical type related t o  stall f l u t t e r  and similar phenomena than are 
the aeroelastic Fnstability phenomena of wings .  

+ .c 
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Two experimental f lutter  investigations have been made of bodies 
mounted on wing t ip s  (refs. 2 and 31, but no aeroelastic-instabil i ty 
studies  appear t o  have been made previously of essentially  isolated 
bodies, that is, bodies mounted a t  sane di&x.nce *om a lifting smface 
on f lexible   s t ruts  which contribute no aerodynamic forces. Sorue instances 
where this problem ar ises  in practice are external etores or tanks car- 
ried on struts under the wing and ram jets carried on supports 011 top of 
the  fuselage. Also, an analysis of the aeroelastic  instabil i ty of an 
isolated boQ- nay 8-e to shed some .light on the much  more complicated 
problem of aeroelast ic   instabi l iQ of a body mounted on a wing t i p .  

I 

An investigation has therefore been  conducted in order to   gain some 
Wight into the nature of the ins tab i l i ty  phenomena of such isolated 
bodies of revolution. A streamlined body, an open tube, and several 
bodies  consisting of the tlibe w i t h  variously shaped end pieces were su6- 
pended frm the ceiling of a Uind tunnel on s t r u t s  of several stiffnesses.  
The closed  bodies w e r e  intended t o  simulate exte?nal stores or fue l  tanks; 
the open tube, an unfired ram j e t .  I n  m e  series of t e s t s  the tube was 
ale0 mrnrnted on two struts covmxd by a fairing. The nature of the vari- 
OUB ty-pes of aeroelastic inatabi l i ty  that occurred under v8rious  condi- 
tions was observed, as were the airspeeds at which they occurred and the 
frequencies of any oscillations  present. All tes te  were conducted at  low 
speeds (Mach nmibers lese than 0.5) and with a range of Reynolds nuniber 
(based on body length) f r o m  1.5 X 106 to '7.1 X I O 6 -  

I In an attempt t o  analyze saplze of these  results,  the speed and oscil- 

- dynamic forces, w i t h  certain additional assumptions in the case of the 

latory  frequency at  which various types of aeroehs t ic   ins tab i l i ty  may 
occur have been calculated by using slender-body theory for the aero- 

open tube. The derivation of these forces is presented in the appendix 
of this paper, aOa the  calculations  are  described therein. The calculated 
and observed result8 tsre canpared and discussed. 

a 

f 

r a t io  of distance of eLaetic axis of supporting s t r u t  
system rearward of midpoint of body t o  one-half length 
of bdy; in case of bodies coneisting of tube  with  various 
end pieces, the midpoint is that of tube, y- *Sl - 1 

frequency of oscil latory  instabil i ty,   cps 

natural lateral bending  frequency of body on struts measured 
in  s t i l l  air, cps 
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lateral translation at elastic axis, ft 

amplitude of lateral-translation oscillation, ft 

moment of inertia of b d y  about  elastic  axis of configu- 
ration, slug-& 

aerodynamic  force per unf t  length  along body, lb/ft 

length of body (length of tube, in case of bodies  con- 
sisting of tube with end pieces), ft 

aerodynmdc maent about  elastic axis, f t - l b  

mss of body, slugs 

aerodynamic  (lateral) f mce, lb 

dynamic  pressure (at onset of instability, unless specified 
otherwise), lb/sq f't 

dimensionless  dyaamic-preseure  parameter, 2qYb/& 

radiue of body of revolution, ft 

dimensionlese  cross-sectional area of body, fiR2/I;! 

coordinate along  length of body, measured  rearward from 
nose, f't 
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“2 distance frm nose of bcdy to   center  of gravity of body, 
ft 

‘b volume of body, cu ft 

V 

xcl r a t i o  of distance of center gravity of body rearward of 
e las t ic  axis of support system t o  one-half length of 

body, 
s2 - 81 

L/2 

a 

aO 

5 

P 

PO 

anrp1itu.de of y a w i n g  oscillations,  radians 

dimensionless  coordinate, s/L 

density of test medium, slugs/cu f t  

density of air a t  s w  sea-level  condition, 0.002378 
slugs/cu ft 

dimen~ionless  distance from nose of body t o  e las t ic  axis, 
=1P 

angu~~cr frequency of osci1I-ata-y instabi l i ty ,  radi~ms/sec 

Wind tunnel.- The tests were conducted fn air  at variable pressures 
in  the Langley 4.5-foot f l u t t e r  research  tunnel, which is of the closed- 
(circular)  throat  single-return type. 

Models.- The two basic models, the airfoil-shaped body and the open 
tube, are sham in  figure l (a ) .  The airfoil-shaped body of revolution 
is  that generated by rotating an a i r f o i l  about its chord. The ordinates 
of the a i r f o i l  are twfce  those of an W A  65-010 airfoil and are  listed 
in table 1. The open tube  consisted of aluminum sheet 1/16 inch  thick 
rolled  into a cylinder with a diameter of 6 inches. Various end sections 
were used in ccmJunction with the tube t o  represmrt  closed  bodies of 
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revolution w i t h  a cylindrical  center  section; these end sections  are 
sham in figure l ( b ) .  The open tube and the  airfoil-shaped body are  shown 
mounted on their supports fn  the tunnel i n  figures  2(a) and 2(b),  respec- 
t ively.  (The scales sham in f ig .  2 read in inches.) 

Strut-support systems.- The models  were  mounted on one of four sets 
of supports which consisted of two amall-diameter steel rods fixed on one 
end t o  a mounting plate, and on the other end t o  a mounting bar t o  which 
the d e l s  were bolted. (See figs. l (a)  and 2.) The s t ru t s  were designed 
t o  make the lateral-bending  frequency of the bodies  about me-half or  one- 
th i rd  of the  frequency of their yawing osci l la t ion in e t i l l  air.  The 
natural f'requency of the farward and rearward osci l la t ions of the bodies 
was appruximately six times the i r  lateral-bending  frequency. The s t r u t  
diameters and effective spring constants of the support systems comprised 
by these struts are listed in table  2. 

The effective spring constants w e r e  obtained from the fYequencfes 
fh and fa measured i n  still air and the kKlwn masses and moments of 
iner t ia  by means of the relat ions 

and 

Kcl = 

The values of % and X& obtained in  thfs way represent spring constante 
in  the true sense of the word  only when % = 0, because only then  are the 
yawing and aidewiae-bending oscil lations uncoupled (and even then  only if  
the additional  apparent mass of the s t i l l  air I s  neglected). The values 
given i n  table 2 are  averages of the  values obtained with different  bodies 
for % = 0 (except for the  values listed for struts A, fo r  which fre- 
quency  measurements m e  made for  + = 0.10 and 0.14). 

For one ser ies  of tests with the open tube,  the struts B were covered 
with a fairing of alm€num alloy 1/32 inch thick, which extended  about 
1 inch ahead of the  front strut and-lL  inch behind the rear  strut and was 

attached to   t he  struts along their en t i re  lengths but wa6 not  attached  to 
the mounting p la te   o r  mmtfng bar. The airfoil   obtained Fn this mer 
w a s  about 3/16 inch thick at and between the two struts, had a rounded 
leading edge, and a sharp t r a i l i ng  edge. 

2 



Strain-gage fnstrumentation.- The only instrumentation,  apart fram 
the usual fnstrumentation  required t o  measure the tunnel speed and den- 
sity,  consisted of electrical-resistance strain gages mounted on the 
roots of the  s t ruts  in such a way as t o  measure s t ra ins  due to   s idar l se  
deflections of the struts. The output signals of the  mges on the  front 
and the rear s t ru ts  were amplified separately and fed t o  two channels of 
a multiple recording oscillographs and a l so   t o  an oscilloscope for inmedi- 
ate visual  observation. 

Tests 

General  procedure. - The procedure for each test was to  increase the 
tunnel speed slowly and at  the same time the  angle of yaw of the model 
adjusted (by yam the mounting p la te  by means of a mechanism outside 
the tunnel)  to  give zero lift and manent an the body, as indicated by the 
strain-gage  outputs. When some ty-pe of Instabi l i ty  occurred,  the strain- 
gage outputs were recorded, the type of instabi l i ty  was noted, the tun- 
nel  conditions were  observed, and the   t es t  was discontinued,  except in 
sane  Instances when the   instabi l i ty  WSB not  violent and ft vas desired t o  
study it further. 

The model-strut ccmbfnatione tested i n  this m e r  are listed in  
the le f t  half of table 3; also listed are the m o d e l  mass, model  manent 
of inertia, elastic-axis and center-of-gravity  location, as well as the 
m e a s u r e d  still-air frequencies of each  configuration. 'IzLe t e s t s  are 
divided Fnto several series for  the sake of convenience in referring t o  
them. 

Tests on the streamlined body.- In series I, the streamlined body 
was mounted on struts A, the most flexible ones, and the   t es t s  were con- 
ducted at various air densities. In series 11, the same bo3.y was mounted 
on the somewhat stiffer s t ru t s  B. Only the nonviolent uncoupled oscil-  
latory  instabil i ty occurred even at  the highest air density used in these 
tests  (substantially sea-level density). The tunnel   sped  was increased 
successively  to  several  values beyond that a t  which this instability f i rs t  
occurred, the air  density  being  kept  substantially  constant at  the sea- 
level  value. Test series I1 consists of measurements of the frequencies 
of the oscil lations a t  these air speeds. . The streamlined body was also 
mounted on the still stiffer struts C, but no aeroelastic  instabil i ty of 
any kind occurred;  consequently, this experiment is not listed in table 3.  

Tests on the open tube w i t h  miscellanegus end sections .- The open 
tube w i t h  various end sections was mounted on a t r u t s  E, C, and D, that 
is, on all but  the most flexible s t ru ts .  S$ries I11 consists of-  the   t es t s  
made w i t h  the various  configurations at  constant a i r  density. Series N 

*consists of t e s t s  made at  various densities by using the tube w i t h  hemi- 
spherical  sections at both ends mounted bn strqts c. 

- 
- 
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Tests on the open tube on unfaired  struts.- Tests made a t  various 
air densit ies m the open tube mounted on the most f lex ib le   s t ru t s  cam- 
pr ise   ser ies  V, md tests made at  constant ah- densit ies OII the open tube 
with various  center-of-gravity  positions mounted,on the next stiffer 
s t ru t s  ccunprise series Kt. The center of gravity was varied by attaching 
narrow bands of lead 1/16 inch thick t o  the inner surface of the tube, so 
that the mass, the moment of iner t ia ,  and, hence, the still-air frequencies 
w e r e  changed as well. The open tube WRS also mounted on s t r u t s  D, but no 
ins tab i l i ty  occurred a t  any speed up t o  and including  the speed at  which 
this test  was discontinued, namely, 536 f ee t  per second. This test is, 
therefore,  not  listed in  table 3. 

Tests on the open tube on faired struts.-  The t e s t s  which consti tute 
ser ies  VI1 are those made a t  constant air densi ty  on the  open tube mounted . 
on s t ru t s  B with the fairing attached. The location of  the center of 
gravity was varied in the same ma,nner as in series VI. 

RESULTS 

Presentation of results.-  The results of the tests are presented in 
the right half of table 3 asd same of these  results  are  presented in f ig-  
ures 3 t o  9. 

The speeda listed Fn table 3 for tests which led t o  f lu t t e r   o r  diver- 
gence are those a t  which these  instabi l i t ies  first occurred. Similarly,  
the  frequencies  listed for the tests which l ed   t o   f l u t t e r   a r e   t hose  a t  
the flutter  condition. The air speeds l i s t ed  for the tests of ser ies  IV 
are  those observed when the ins tab i l i ty  first occurred, and the  frequen- 
c ies  are those observed a t  that speed. Similarly, in the t e s t s  of 
series 11, the first speed l i s t ed  i~ that at  which the instability first 
occurred, but the  other speeds a re  m e r e l y  speeds above the f i rs t  a t  which 
the frequency of the oscfllatian vas measured. The last speed is that at  
which the t e s t s  of ser ies  I1 were discontinued; the nature of the  insta- 
b i l i t y  phenomenon did not appear t o  change in the speed range  covered. 

The flutter-speed  coefficient 2v/%, the  dimemionless cIyn8zni-c 
pressure et f l u t t e r  q*, and the frequency r a t i o  f/fa per ta ining  to  the 

t e s t s  of series I are  plotted i n  figure 3 against the densi ty   ra t io  p/po. 

The frequenciea measured i n  series I1 are  shown plotted as a function of 
airspeed in  figure 4. In figure 5 are sham the speed and dynamic pres- 
sure  (both  in  dimensionless farm) at  the onset of the yawing oscil lations 
observed in  the   t e s t s  of se r ies  IV as  flrnctions of the  densf ty   ra t io  p p 

The flutter-speed  coefficients 2v/% and the  frequency r a t io s  f/fa 
pertaining t o  the tests of series V are shown plotted as functions of the 
densi ty   ra t io  p/po in figure 6. 

/ 0' 

. 
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. In figure 7 the meed  coefficients far which f lut ter  or divergence 
occurred are  shown plotted  against % for the t e s t s  of series VI. The 
points  represexrting  the  various t e s t s  are not coIlneirted because  the body 
mass and moment of inertia (and,  hence, the still-air frequencies) were 
not  constant in these tests. Figure 8 cansists of a simfhr plot made 
for  the tests of ser ies  VII. 

Observed f l u t t e r  and divergence phenomena.- Several  types of aero- 
elas$ic  instabil i ty w e r e  encountered. In  the t e s t s  of eerie8 I and V, as 
well as in same of those of ser ies  VI and VII, coupled f l u t t e r ,  similar 
t o  c lass ical  bending-torsfan f l u t t e r  was encountered,  except that "bending" 
and r'torsion" were  Lateral motion and yawing, respectively, in the  case 
of these bodies. These two types of motion were dfatinguished by observing 
the  strain-Bge outputs. If the outputs of the front and rear gages had 
been i n  phase and of the 8- magnitude, the motion would have been from 
side.  t o  side only, without y-awtng, but  actually this type of motion m s  
not  observed i n  the  tests.  When the gage outputs were 180° out of phase 
and of the same magnitude, the motion was a pure yawing oscil latidn, and, 
when they were out of phase by amy other angle, the motion was a  coupled 
lateral-motion and yawing oscillation. 

In  one t e s t  of series VI1 a ccmibined f l u t t e r  and divergence instad 
b i l i t y  was observed, not  unlike the type of phenomenon which a w i n g  may 
experience ;tf its f l u t t e r  occurs i n  a mode which involves  very little 
bending; the tube tended t o  diverge to   the  s t o p s  after a few oscil lations 
of increasing  amplitude. As in a l l  t e s t s  where divergence was observed, 
when the body began t o  d iverge  fn yaw ft moved oyer laterally as w e l l  as 

c 

- under the action of the side forces brought into play  by the yawed attitude. 

The flutter  frequencies were ill-deflned occasionally,  particularly 
when the body at its f l u t t e r  condition w a s  also c lose   to  a divergence con- 
dition; that is, f l u t t e r  then  occurred  so suddenly that no defini te   f re-  
quency could  be  obtained from the  strafn-gage  record. 

Observed uncoupled oecillatims..- An instabilitgr was .observed in  the 
t e s t s  of series 11, 111, and N. This phenomenon consisted in continuous 
or intermittent, self-=tted, small-amplitude yawing oscillations,  mually 
with fafrly well defhed frequency. When the  oscillrttioss were intermit- 
tent  they started up a t  rand- intervals rather than subsidfng and increasing 
in a regular fashion, as do oscil lations with beats. In  two of the t e s t s  
in  which such oscil lations occurred the frequency was insufficiently 
defined t o  be measured. This phenomenon differed f r o m  f l u t t e r  not only 
in the f ac t  that it involved small constant  amplitudes  but also fn the 
fact that, unlike  f lutter,  it involved no bending  deformations of the 
s t r u t s  and, hence, no l a t e ra l  motions of the bodies. For lack of a better 
name this phenmnon' is listed as "yawing osc i lh t i ans"  i n  table 3 and 
will be referred t o  8s mrch hereinafter. If the body were mounted in such 
a w-ay that the s-truts w e r e  horizontal, as would be the case if a body were 
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mounted on the side of a fuselage,  this phenomenon would  consist of 
angle-of-attack or pitching  oscil lations.  

Same of the t e s t s  of series I11 which resulted i n  yawing oscil lations " 
were continued t o  speeds above that at  which the osci l la t ions  s tar ted;  the 
f k s t  speed listed is then  the one at  which the  instabi l i ty  first occurred, 
and the second is that a t  which the t e s t s  were discontinued. No change 
was noted in the nature of the phenomenon within this range of speede. 
Tbe two frequencies l i s t ed  for these  tes ts  correspond to   these two speeds; 
the  values of p, q, and @f are  those which correspond t o  the fi'rst 
speed. In the t e s t s  of ser ies  I11 i n  which no instability  occurred, and 
also in  the first test of ser ies  VI, the speed listed is  that a t  which the 
t e s t s  w e r e  ttiscontinued. 

Results of calculations.- Some of the   resu l t s  of the Instabi l i ty   cal-  
culations described in the appendix are also lfsted in table  3 and are  
shown i n  figures 4, 6 ,  7, and 8. For ser ies  I and I1 the calculated 
f l u t t e r  speed was inf ini te ,  that I s ,  the  calculations  did  not  predict 
f l u t t e r  for any f i n i t e  speed. Mor was it possible   to   calculate  a f i n i t e  
speed a t  which self-sustajned, yawing oscillations  could  exist,  but the  
frequencies of the  pwing  osci l la t ions of the body in  a moving airstream 
could  be  calculated and are  sham in table 3 and figure 4. 

Flutter speeds and frequencies were calculated for the tests of 
series V; the   resul ts  are sham in table  3 e3ia figure 6. Flut ter  speeds 
and frequencies as well as divergence  speeds w e r e  also  calculated for the 
t e s t s  of series VI and VI1 and, are l i s t ed  in table 3; the  speed coeffi- 
c ients   are  also sham in figures 7 and 8. 

c 

DISCUSSION 

A Note Concerning the Speed and Dynamic-R-essure Parameters 

Two dimensionless parameters have been  used fn order t o  compare the 
resu l t s  of the  various tests. The first of these is substantially  the one 
commonly used i n . f l u t t e r  work, t he   f l u t t e r  parameter  or  speed coeffi- 
c ien t  v/b%, where b is the half-chord and is here replaced by one- 
half the  (basic) body length, so that the parameter becanes 2v/%. rt 
involves a measure of the dynamic pressure ( in  the term v, although the 
air density is not taken  into  account), as w e l l  as of the struct-1 and 
inertia  properties involved in angular deformations (combined in   the 
still-air y a w i n g  frequency %). The other parameter wed herein is  One 
often used i n  s ta t ic   aeroe las t ic  work and may be  referred t o  as the 
divergence  parameter  or  dimensionless m i c  pressure;  the form of this  

parameter used in this paper is q* = -. ""' It represents  the  ratio of 

I 
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the aerodynamic moment per unit angular displacement to   the   e las t ic  
restoring mament per unit displacement and involves  implicitly the dynamfc 
pressure a s  well as the structural ccd aerodynamic properties  pertinent 
t o  anguler deformation,  because the factor 2 is the value of the moment 
coefficient  (referred  to the volume of the body) per unit angular dis-  
placement according t o  thin-body  theory. This theory  applies only t o  
closed bcdies,  but,  if it is extended to open bodies on the  basis of the 
assumption that the flow inside the body has the same velocity as that 
outside and that the rem end of the bcdy ac ts  like a sharp trailing edge, 
the same value is obtained far the moment coeflicient  because the effects  
of these two assumptions cancel each other. 

The  main advantage of  the f l u t t e r  pmw.Ceter is that it includes 601E 
dynamic or inertia effects; on the other hand, the advantage of the 
divergence parameter is that by vir tue of its explicit  inclusion of aero- 
dynamic properties it serves as a m a r e  precise  definition of certain 
ins tab i l i ty  phenomena. For inetance,   f lutter and divergence  can  occur 
over a wide range of values of t he   f l u t t e r  parameter, but,  although f l u t -  
t e r  may occur at  almost any value of the  divergence parameter, divergence 
should occur at  values of this parameter near unity. (If 2 is the correct 
value of the moment coefficient  per unit angular displacement  or if  the 
correct  value is used in  the  deflninit ian of the divergence  parameter 
instead of 2, divergence w i l l  occm when the parameter is 1.) Al60, as 
sham in the appendix, the divergence parameter appeexs t o  play an hpor- 
tant part In determining the frequency of the uncoupled yawing oscil lations.  

Both parameters, therefore, have some a d m t a g e s  and, i n  view of the 
exploratory nature of the  investigation,  both have been used in attempts 
t o  analyze the observed  pbenanena. 

F lu t t e r  and  Divergence 

Flutter and divergence sfmi- t o  the class ica l   ins tab i l i ty  phenomena 
on w i n g s  w e r e  both observed on the aerodynamically clean  bodies, the 
streamlined body and the open tube w i t h  and without  fairing on the s t r u t s ,  
a8 may have been expected, because under certain conditions these bodies 
have linear aerodynamic forces which may be  expected t o  g ive   r i se   to  
phenomena similar t o  the  c lass ical   ins tabi l i ty  phenmena of the wings. 

The streamlined body . -  The streamlined body f lut tered in the t e a t s  
of ser ies  I, in which the densitr  w&s varied but  all other parameters 
held constant, at speeds which corresponded t o  a vide range of the f l u t t e r  
parameter 2v/Luh, but  to  values of c p  which varied only between 0.79 
and 0.g4. The f l u t t e r  frequency was substantially  constant  in  these tests. - (See fig. 3 . )  



The quantity tf varied  relatively l i t t l e  in these tests because 
it contains  the air density, which was the only variable In these tests. 
The mall variation of q* in the t e s t s  can be considered t o  be due t o  
the change in the mass ra t io;  that is, t he   r a t io  of the body mass to   the  
mass of the displaced air. Inasmuch a8 the body would have diverged at  
q* = 1 if the actual mament on t h i s  body in  steady fluw were that pre- 
dicted by thln-body  theory, f l u t t e r  occurred in these tests a t  dynamic 
pressures from 6 t o  21 percent ber than the theoretical  dynamic pres- 
sure a t  divergence. 

When attempts w e r e  made to   ca lcu la te  the f l u t t e r  speed of the stream- 
lined body, the aerodynamic forces  predicted by thin-body theory were 
found t o  be incapable of predicting a f i n i t e   f l u t t e r  speed. For bodies 
w i t h  a fineness  ratio of about 5 ,  the manent  due t o  angle of af;tack and 
normal force due to  steady  rotation  predicted by thin-body theory  are 
about 25 and 40 percent  Mgher,  respectively,  than  those  predicted by 
exact  potential-flow  theory. The values predicted by potential-flaw 
theory are, in turn, somewhat higher than the actual  values as the  result  
of boundary-layer separation. Inasmuch as quantitative errors in  the 
predicted  forces would tend, by themselves, t o   r e su l t  only in an incorrect 
f l u t t e r  speed, the   fac t  that the predicted  f lutter speed  does not even 
exist  suggests that aerodymmic forces rrmet be involved which are  not 
predicted by this theory. Such forces  are the normal force due t o  angle 
of a t tack and the moment due t o  steady rotation. These forces are zero 
according t o  thin-body and exact  potential-flow  theory, but actually  they 
do exist; often  they vary linearly with  angle of attack and r a t e  of rota- 
tion,  respectively, and thus represent the ty-pe of farces  required  to 
cause  classical   f lutter.  

In the light of t h i s  discussion,  prediction of the f l u t t e r  speed of - 
bodies of revolution thus requires E knowledge of the effec ts  of the 
boundary layer and of the phenomena aesoctated  with its separation on 
the aerodynamic forces. Hence, the main shortcomhg of thin-bdy theory, 
insofar as the prediction of f l u t t e r  is concerned, consists in  the  inabi l i ty  
of potential-flow theory in general  to  predict same of t he   c r i t i ca l  forces 
involved in these phenomena rather than in the  degree t o  which thin-body 
theory  approximates  exact potentfal-flow theory. In divergence, however, 
only the moment due t o  angle of attack I s  involved; therefore, the correct 
magnitude of this force is important. Inasmuch as the moment predicted 
by thin-body theory is about 30 or 40 percent higher than the  actual  
value,  the W i c  pressure a t  divergence would be that much higher  than 
that estimted on the basis of thin-body  theory;  therefore, in the   tes te  
of series I, the  hfghest speed  reached  probably  corresponds t o  about 
80 percent of the  t rue divergence speed. 

The open tube on unfaired s t ru ts .  - In  the t e s t s  of  series V the open 
tube  fluttered a t  a l l  densit ies.  The values of 2v/% decreased from 



10.32 t o  5.30 w f t h  increasing  density, and the values of q* appeared 
to  increase grdually f r o p n  O.gr6 t o  0.579, except for the eecand t e s t  of 
the series far which q* was somewhat higher than expected from the 
other  three tests. (See table 3 .  ) These trends are the same a s  those 
observed in the  case of the streamlined body. ln contrast t o  the stream- 
lined body,  however, f l u t t e r  speeds  could  be  calculated for the open tube 
on the basis of thin-body  theory  (with the additional assmupti0116 of 
WOb6tr~Cted flow through the tube and of the flow continuing in the same 
direction af te r  leaving the tail end of the tube  rather  than reassuming 
the free-stream direction). These speeds are  in fairly good agreement 
with the measured anes. 

The observed frequencies  did not vt~llg w i t h  the density, a fact whlch 
was also noted in the case of the  streamlined body. The calculated fre- 
quencies  did  not vary w i t h  density  either  but w e r e  about 30 percent higher 
than the observed ones. 

O n  the basis of these  c-ism it appears that the aerodynamic 
forces are taken  into  account in a qualitatively  correct manner, but that 
quantitatively  they rmrst be improved considerably  before  they can be used 
t o  predict   f lut ter  speeds and frequencies  correctly for ducted  bodies. 

In  the  tes ts  of series VI, the  tube  fluttered or diverged in a l l  
cases,  except in the first test, fn which the speed of the test was not 
c m i e d  to a high enough value.  Flutter  occurred when the  center of 
gravity was at  o r  behind the elas t ic  axis, and divergence, when it was 
a t  or in front of the elastfc  axis (see f ig .  7); when it was a t  the 
e las t ic  axis, the tube f lut tered a t  the higher mass and diverged at the 
lower mas6. This  trend agrees vith  the  trends noted in the tests of 
series I and V, because fn these  tests  there appeared t o  be a tendency 
t o  approach divergence as the air  density increased and, hence, the mass 
parameter  decreased. The values of 2v/Ltfx a t   f n s h b i l i t y  varied from 
5.47 t o  7.95 and those of q* between 0.459 and 0.754 (see  table 3 ) .  
The values of q* at divergence  tended t o  be higher than  those a t  flut- 
ter ,   as  may be expected fn view of the nature of q* a s ,  primarily, a 
divergence cri terion. No such distinction can  be made in the  case of 
the  values of 2v/% at inskbili ty,   both  the  highest  and larest  values 
of which correspond t o  divergence. 

- 

The calculated  speeds at  instability are  in fairly good agreement 
wi th  the measured speeds for the rearward lacatione of the center of 
gravity, but  the   f lu t te r  speeds predicted for faward center-af-gravity 
locatiotls are much too law. The two measured f l u t t e r  frequencies  are 
substantially below the values calculated for those two cases. The cal- 
culated  divergence speeds are consistently higher than the m e a s u r e d  ones 

unit angular displacement (the only aerody-mmic parameter which enters 
- by about 20 percent on the average; therefore the mcpnent coefficient  per 
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the  calculation of the divergence speed) must be  about 40 percent  higher 
than that estimated by meam of the modified  thfn-body theory used herein. 
Actually  the  tube under consideration is not sufficiently  slender  to 
justify the use of thin-body  theory, and i ts  abrupt changes in cross- 
section a t  the nose and t a i l   v i o l a t e  certain assumptions inherent in 
thin-body  theory;  also, the val idi ty  of the two additional assumptions 
is doubtful. Hence, the  inabili ty of the modified  thin-body theory t o  
predict   quantitatively  useful  results is not surprising. 

A more accurate  potential-flaw  solution  for  the flow through and 
about an open tube would be diff icul t   to   obtain,  and its validity would 
st i l l  be open t o  question  because the flow inside  the  tube would be 
significantly  affected by the boundary layer in the Fnslde walls. The 
available  solution for a ring a i r f o i l  is inapplicable  to t h i s  case 
bemuse the tube is  far too  slender  for this theory. The most promising 
solution,  therefore, ap-pears t o  be the use of a semiemplrical method for 
estimating the aerodynamic forces  required in f lut ter   analyeis .  Such a 
method m i g h t  consis t   in   re ta ining thin-body  theory  but  modifying  the two 
additional assumptions, that is, by estFmating the magnitude of the 
forces which are, in  effect,  concentrated a t  the rear of the  afterbody 
and the extent  to which the flow decelerates  inside the  tubes on the 
basis of measurements of the moment asd normal force due t o  angular dis- 
placement. In divergence  calculations only the moment per unit angulm 
displacement is required, of course. 

The open tube on faired  s t ruts . -  The aeroelaetic  instabil i ty phenom- 
ena of the  tube were substantially unchanged by the  addition of the  
fairing;  apparently,  the  increase in the aerodynamic forces was canceled 
in   e f fec t  by the  increase in the stiffness of the  configuration.  Flutter 
s t i l l  tended t o  occur at the further rearward  position of the  center of 
gravity, and divergence, a t  the forward positions. (Bee table  3 and 
f ig .  8.) The agreement between the calculated and measured speeds was 
poor, the calculated  values  being much too low, and the calculated fre- 
quency corresponding t o  the one measured frequency WELS also much too low. 
The f irst  two tests of this series serve t o  illustrate the difffcul ty  of 
estimating  the speed a t  which aeroelastic-Instabil i ty phenomena occur; 
under identical  test conditions, the model diverged in one case a t  
522 feet   per second and exhibited sane sy-mptcms of f l u t t e r  a t  481 feet 
per second in the other  case,  flutter  apparently having been suppressed 
the ffrst time. 

The f ac t  that the  calculated  values of the  divergence  speed  axe 
lower than the observed values  indicates that, inasmuch a8 the aerodynamic 
moment on the tube due to angular displacement was probably  underesti- 
mated, as in the tests of ser ies  VI, the  forces on the   fa i r ing were 
greatly  overesthuated, as m i g h t  be expected t o  be the case  because m o d i -  
fied two-dimeneional theory w&s used t o  estimate these  forces. The exact 
calculation of the mutual interference effects of the tube and the w i n g  

. 
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t i p  represented by the fatring represerrts a very d i f f i cu l t  problem f o r  
which no solution has been found t o  date. For the time being,  therefore, 
approximations similar to  those made herein must be used, although  they 
could probably be improved by resort ing  to  empiriciems  based on some 
measured results.  

Yawing Oscillations 

The streamlined bcdy; speed a t  which oscil lations start .- When in 
the t e s t s  of series I1 the streamlined b d y  was tested on stiffer s t ru t s  
and w i t h  an elastic-sxis  location 5 percent of - the b e  length further 
forward than in  the tests of series 1, no f l u t t e r  was observed; instead, 
the body experienced the self-excited yaw- oscillations  described pre- 
viously. These oscil lations  started a t  a speed which is relat ively low 
compared t o  those a t  which f l u t t e r  occurred in the t e s t s  of series I; 
it corresponds t o  - = 3.76 and q* = 0.2ll, and the speed at which 

the t e s t s  were discontinued  corresponds to - = 6.70 and q* = 0.630, 

whereas a t  the same density f l u t t e r  would k v e  occurred in the tests of 
series I a t  values of 2v ha and q* of about 8.0 and 0.9, respec- 
t ively.  Therefore, if the tes t s  of ser ies  I1 been continued to a 
speed  sane 15 or 20 percent higher  than that at  which they were discon- 
tinued, f l u t t e r  would probably have occurred if the values of .2v/+ 
and q* a t   f l u t t e r  are assumed not t o  d i f fe r  much between the two test 
series. The f ac t  that oscil lations occurred in the tests of series I1 
but not in those of ser ies  I is probably  the  result of the  difference in 
elastic-axis  locations, aB w i l l  be khown later. 

2v 
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In order to calculate the speed at  which yawing oscil lations might 
start, an attempt .was made t o  solve the equations of motion for the case 
of zero lateral displacement. For this case  there are two different ia l  
equations w i t h  one unknown function. With the aerodynamic forces given 
by thin-body  theory, however, the  eqdt ions can k v e  a solution on* when 
the  airspeed is  zero. Therefore, the nature of the air forces must again 
be different f r a n  that assumed to yield equation8 which a re  compatible 
at  nonzero alrspeed. 

Frcan a physical  point of dew, self-excited oscilhtfons can  occur 
only if the  net damping is zero. In the  equation for the equilibrium 
of the moments as set up in the appendix, there is no damping term, 
because the aerodynamic damping moment according t o  thin-body  theory is 
zero and the  structural  dmrping was assumed t o  be zero. If, however, 
the aerodynamic moment w e r e  actually small and negative, at  a certain 
speed It would be jus t  Large enough to counteract the s t ruc tma l  damping, 
and self-excited  oscillations would start a t  WS speed. A t  higher 



speeds, the net damping would be  negative,  but  nonlinearities in the 
aerodynamic forces might prevent the oscil lations from diverging. Inas- 
much as these aerodynamic forces would then be due ent i re ly   to   deviat ion 
from potential  f lar, they would probably v&ry with Reynolds number so 
that the question whether and when a body m i g h t  exgerfence  self-excited. 
oscil-tions  probably depends on the Reynolds number involved, as well 
as on the structural damping. 

The streamlined body; frequency of oscil lations.  - Although the equa- 
t ions   se t  up for the analyxis of the y a w i n g  oscil lations do not furnish 
a solution f o r  the speed a t  the onset- of the oscil lations they do give 
an indication of the  frequency of the  result ing  oscil lations,  that is, 
of  the "natural" frequency in moving air. This  frequency is expressible 
a s  a product of the still-air yawlng frequency, which involves  the dynamic 
characterist ics of the system, and R correction factor which, except for 
a generally  negligible dependence on the mass ra t io ,  is a function only 
of the  static  aeroelastic  characteristfcs  repre6ented i n  the peram- 
eter q*, namely Vl-. That the  trend o f  the calculated  frequencies 
agrees  well  with the trend of the  frequencies measured for   the stream- 
lined body may be seen from ffgure 4. However, the r a t e  of decrease 
w i t h  speed is less  than predicted. This fact  suggests that, inasmuch 
as the  expression far the frequency is obtained directly f r o m  the equa- 
t ion  representing  the  equilibrium of the mmnallts on the body, the e s t i -  
mated aerodynamic moments  on the streamlined  baly are too  large, which 
is  true,  as previously  noted. 

Miscellaneous bluff bodies; effect  of elastic-axis  location on the 
speed a t  which oscil lations 8tar t . -  Yawing osci l la t ians  occurred in the 
majority .of the tests of series 111. The speeds a t  which they started 
correepond t o  values of 2"/% and q* much lower than  those a t  which 
the streamlined body f lut tered in the tests of series I and of about the 
same magnitude as those a t  which the   osc i lh t ions  of the streamlined body 
s tar ted in ser ies  11. (See table 3.  ) Some of the tests of ser ies  I11 , 
for instance,  the  la6t-li6ted one, resulted in  no ins tab i l i ty  at w h a t  
appear t o  be fair ly   large values of 2v/I.# and q*; however, a l l  valuee 
of' 2v/Lu, listed in table  3 are based on the length of the basic  tube. 
If they had been based on the actual  lengths of the  various  bodies, 
2 v / h  would have been about 4 for the last-listed test, which value is 
about  the same as that at  wbich the  oscil lations of the streamlined body 
began (3 .76)  and much lower than that at  which that body could have f l u t -  
tered a t  thls densfty  (about 8). Also, although the value of q* (0.760) 
a t  which this test was discontinued  is'high canpared with that a t  which 
the oscil lations of the streamlfned body star ted (0.2ll1, it i e  lower 
than that a t  which that body would probably have f lu t te red  a t  this density 
(about 0.9) . The values of q* i n  table 3 for series I11 are based on 
the actual volume, a s  are those for the other series.  
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The speeds  at  which  oscillations  started, in the form of the  parame- 
ter 2v/%, are  shown  plotted in figure  g(a)  as  functions of the  dimen- 
sionless  elastic-axis  location a. The dportance of the  elastic-axfs 
location in determinhg  the  speed  st  which the oscillations s t a r t  may be 
deduced f i a u  the  equation  set  up in the  appendix for the  equilibrium of 
moanents in the  yawing-oscillations phenomenon, which  contains  the  dimen- 
sionless  elastic-axis  location cr. 

In figure g(a) the upward-pointing m o w s  on several  sketches  refer 
to  cases fn which no instability was observed; therefore, any instability 
would  have had to occur at  values of 2v/Lu, greater  than  those shown, 

which  represent  those  at  which  these  tests  were  discontinu&.  Figure  g(a) 
also  contains  one  point  representing  the  conditions  at  whfch  the  stream- 
lined  body  staxted  to  oscillate in the t e s t s  of series 11. The eketches 
in  figure  g(a)  all imply an airstream approaching the left. 

The only body for which  sufficient  information w a s  available  to 
deduce  the  effect of elastic-axis  location on the speed at  which  the 
oscillations  started  is  the  one  with  hemispherical  nose and tail. In 
figure g(a) this body is  represented by four points  which  appear  to  lie 
on a smooth  curve  which has a m i n i m u m  at a = 0. For  the  body  with  hemi- 
spherical  nose and streamlined tail, two points  were  available.  These 
points are  connected by a curve  based on the  pattern  exhibited by the 
bdy with  hemispherical  nose and tail which  represents the probable 

the minbum of the curve may not  be  at a = 0 as shown. For  each of 
three  other  bodies  (including  the  bcdy used in the  tests of series I 
and 11), one point was avaihble which  represented  the  onset of oscilla- 
tions  and  one  point  which  indicated only that  the  oscillations, if my, 
would have  to start at  higher  speed's  except  that, for the  steamlined 
body,  the  second point represented the  flutter  condition.  Curves  repre- 
senting  the  estimated  variation of speed  at  the  onset of oscillations 
with elasticexis  location  are shown for two of these  bodies  as  well. 
These  approximate  curve6  indicate  that  the  speed  at  which  oscillations 
start  is  lowest when the  elastic axis is  near  the  mldpofnt of the body. 

- variation of the  speed  coefficient  with  elastic-axis  location,  although 

By using  the  estimated  variations as a guide, that  is,  by  estfmatfng 
what  the  speed  would  have been if  the  elastic-axis-location  parameter a 
had been zero, the  effect of the  body  shape on the speed at  which  oscil- 
lations  tend  to  start  can  be  divorced frm that of the  elastic-axis  loca- 
tion. 

Miscellaneous bluff bodies;  effect of body shape on the  speed  at 
which  oscillations  start.-  Inasmuch  as a part  of the Large differences 

due  to  the  fact that the  coefficients  were based on the  length  of  the 
basic  tube,  the  speed  coefficient will be  considered t o  be  based on the 

- in  the  speed  coefficients sham in figure g(a) for the  various  bodies is 
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actual  length of the body in the following discussion. The various - 
bodies  then  fall ' lnto several main classes.  Oscillations  appear  to  etart 
a t  the lowest  speeds when the tail of the body is hemispherical,  regard- 
less of w h e t h e r  the nose is liemispherical,  square  (cover plate), or a 
small cone (for a l l  of which 2vb is about 1.3), or a streamlined 
body (for which 2vb is about 1.5). The class  w i t h  the next highest 
range of speeds a t  which osci l la t lons &art is that w i t h  tails consisting 
of the  streamlined shape or the h r g e  cone. If for th i s  group the nose 
is hemispherical or square, 2v/% is about 2.5; i f  the en t i r e  body is 
streamlined, 2 v h  is about 3; and if the nose of the body is 8 pohted  
streamlined shape or a large cone, 2vh is greater than 4. llre class  
for which oscil lations start a t  the highest speeds is, surprisingly, that 
with a square tail (cover ph te ) ;  i f  for this group the nose is hemfspheri- 
c a l  or square, 2v ha is about 3 t o  4, and, if the nose is  a pointed 
streamlined shape, "/ha is greater than 4. All these numerical  value0 
m u s t  be used with caution, of course. 

/ 

In  general,  then, the speed at  which oscil lations start appears t o  
depend t o  a large extent on the shape of the tail of the body, a hemi- 
spherical tail being the least favorable In that it osc i l la tes  at the 
lowest speeds, a streamlined t a i l  or Uwge cone used as a tail being much 
bet ter ,  and a square tail being most favorable  in t h i s  respect. The 
shape of the nose has almost no effect  when the tail is hemispherical  but 
has some effect  in the other  cases, a equare or hemispherical  nose  being 
w o r s t ,  a conventionally streamlined (rounded) nose being bet ter ,  and a 
pointed  streamlined  nose, best. The aerodynamically  cleanest  configurs- L 

tion,  the streamlined body, occupies a relatively  favorable  place; the 
speed cat which it may start osci l la t ing can be increased further by 
replacing the rounded streamlined nose by a pointed one. 

- 

The only way in  which the numerical  values  given far 2v/% i n  the 
preceding  discussion  can be related t o  those  corresponding t o  the c lassi -  
ca l   i n s t ab i l i t y  phenomena is by noting that the streamlined body f lut tered 
a t  values of 2v/ha of about 8. As a rule of thtmib, then, based on these 

very limited data, an aerodynamically  clean body msy be expected t o  start 
osci l la t ing a t  speeds a6 law as about  one-third i t s  f l u t t e r  or divergence 
speed. To attempt a sFmi la r  correlation far bluff bodies would be fu t i le ,  
because these bodies do not experience the linear aerodynamic forces on 
which the c l a s s i c a l   i n s b b i l i t y  phenamena are premised. 

The reasons  for the relative  behavior of the various bodies are as 
y-et somewhat obscure. The effects  of the nose an the speed a t  which 
osci l la t ions start are probably  assocfatedwith  separation a t  t4e nose, 
because the less disturbance caused by the nose, the more favorable the 
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cbnfiguration.  Similarly, the behavior of the tail can  probably  be 
explained by the effects of separation a t  or ahead of the t a f l .  The 
unfavorable effects of the hemfspherical tail, for instance,  are  probably 
the results of the rather Large projected &rea of the tai l  (projected on 
a plane thro- the axis of the body), which is exposed t o  the separated 
flow. The relatively  favorable  square €ail, on the other hand, has no 
projected area exposed to t h i s  flow. The streamlined tail probably 
causes re la t ively l i t t l e  separation and thus is relatively  favorable if 
the nose is favorably shaped; this effect  corresponds t o  the observed 
effects.  

In view of the complicated nature of these phenamena there appears 
t o  be l i t t l e  hope of arriving at theoretical methods of predicting the 
speed a t  which the oscil lations start, at least in the  case of bluff 
bodies which are unlikely  to be exposed t o  high-speed airstreams anyway; 
i n  the case of m e  or less  streamlined bodies, empirical approachee may 
prove f ru i t fu l .  In either  case the oscil lations do not appear to  be  vio- 
lent, and, if  they  are  undeefrable,  they  can always be  eliminated by 
stiffening  the  supports and in many cases merely by  changing the body 
shape ar the  elastic-axis  location, and possibly also by using vanes 
mounted on the body. 

Miscellaneous bluff bodies; frequency of oscillations.- The r a t i o  
of the  frequency of the osci l la t ions  to   those In still air  is sham 
plotted In figure g(b) as a function of the dimerwionless dynamic pres- 
sure q* corresponding t o  the speed a t  which the  oscil lations started. 
"he a r r o w s  in  figure g(b) refer to  cases in whfch no frequency was m e a s -  
ured and serve merely to   ca l l   a t t en t ion  t o  the fact   that   osci l la t ions 
did  start on the  given m o d e l  a t  the indicated  value of q* . As In f ig-  
ure g(a) ,  one point in figure g(b) represents the conditions a t  which 
the streamlined body s t a r t e d  t o   o sc i l l a t e  i n  the tests of ser ies  11. 
Also, as in figure g(a) ,  the  sketches i n  figure g(b) imply an airstream 
approaching from the left. 

- 

The frequencies sham in figure g(b) agree fairly w e l l  w i t h  the theo- 
r e t i c a l  curve (which neglects  the  effect of the mss r a t i o ) .  In v i e w  of  
the  fact  that many of the asslrmptims made in  the  analysis are violated 
by the blufP bodies, t h i s  agreement is better than mag have been  expected. 
All points in figure g(b) pertain t o  tests at  densit ies  close  to sea 
level. me resul ts  of the tests of series N at various  densities follaw 
a similar pattern,  although the range of q* covered by these tests is 
small. (See fig. 5 .) The frequency of the oscil lations can thus be 

estimated on the basis of the  relation f = d- w i t h  fairly g o d  
La 

accuracy. If the body is moaynamically clean and the epeed relat ively 
high, the  accuracy of this formula can be improved by replacing  the  fac- 
tor of 2 in the  definition of q* by a better value of the moment coef- 
f ic ien t  per unit angular displacement. A t  law speeds, the  frequency m y  
be  expected t o  be substantially the &8me a6 the still-air frequency. - - 
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1. S t r e d i n e d  bodies and open tubes mounted on thin flexible s t ru t s  L 

which  do not  contribute any aerodynamic forces have been  found t o  diverge 
and flutter; f l u t t e r  tended t o  occttr for re lat ively far rearward locations 
of the  center of gravity and for re lat ively high mass ra t ios  (body mass t o  
mass of displaced  fluid). 

2. Flut ter  could  not  be  predicted  for  the  streamlined b d y  by using 
aerodynamic forces based on potential  theory. For the open tube, the 
calculated  f lut ter  m d  divergence  speeds did not  agree  well with the 
measured values;  the  discrepancies are believed t o  be due t o  the  intr insic  
shortcomings of potential-flow theory. The analysis of unsteady  aero- 
e las t ic   e f fec ts  of bodies of revolution therefore appears to   require  a 
knowledge of the boundary-layer and. separation effects  on the unsteady 
forces on these bodies. 

3 .  Closed strut-mounted  bodies of revolution appear t o  be  eubject 
t o  a nonclaseical instability which consist6 in  seU-excited  nonviolent 
osci l la t ions which appear t o  start, in   the  case of aerodynamically  clean 
bodies a t  least, a t  speeds  about  one-third that at  f l u t t e r  or  divergence 
for the  given body. 

4. The speed a t  which the osci l la t ions start for a given body depends 
on the elaetic-axis  location,  being-lowest when the e las t ic  axis is  
located  near  the  midpoint of the body; This speed is also determined t o  i 

a Large extent by the shape of the bdy ,  par t icular ly  of the tail end. 
For bodies with hemispherical tails, the  oscil lations start a t  low speeds 
but, for bodies  with  streamlined &nd, particularly,  with  squarely  cut off 
tails, they atart at  relatively  high speeds; the  opthum noBe shape  appears 
t o  be a pointed  streamlined shape  and the next best, a conventional  stream- 
lined nose  shape. 

5 .  The mechanism which causes  these  oscillations is as yet unknown, 
although  negative aerodynamic damping moment8 appear t o  be  required. The 
speed at which the osc i lh t ions  start cannot, therefore, be predicted a t  
present; i t s  calcuhtion  apparently  requires a knowledge of boundary- 
layer and separation effects on the unsteady aerodynamic forces. The 
frequency, however, can be estimated from a eimple formula involving  the 
frequency of the  osci l la t ions in sti l l  a i r  and the ratio of the given 
dynamic pressure  to that a t  divergence. 

Langley Aeronautical  Laboratory, 
National Advisory Camittee  for Aeronautics, 

Langley Field, Va., May 12, 1953. 
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CALCULATION OF AEXOELASTIC lX3lXBILITIES 

Equations of Motion 

The equations of motion of a rigid body mounted on flexible  supports 
and performing  cafbined yawing and lateral oscil lations are 

-m(se - sl) - & - (1 + ig)%h + P = 0 

where the dots designate differentiation w f t h  respect   to  time, and where 
P is  the aeroaynamic force and % the aerodynamic mcment (positive in 
the  direction of posftfve h and a, respectively). The manner i n  which 
P and were calculated far the bodiee  considered in this paper is 
described in the following sections. 

Aerodynamic Forces on Closed Bodies 

The aerodynamic forces 011 closed bodies of revolution performing 
unsteady motions in supersonic flaw have  been calculated by linearized 
potential-flow theory (see r e s .  5 and 6 ) .  The aerodynamic forces on 
bodies of  revolrrtion fn steady  inCaqre6Eible flow can easily  be  calcu- 
lated by potential-flaw theary (by wing sources and sinks, for instance, 
as  in re f .  7); accarding to this theory, the normal force is zero. The 
exact  calculation of the aerodynamic force and moment for unsteady motion 
by potential-fluw  theory, however, is quite  difficult   both a t  stibsonic 
and supersonic  speeds, and in view of the fact that they are known t o  be 
influenced t o  a large extent by the  effects of viscosity, a large expendi- 
ture of effort in calculating them is hardly warranted. In the absence 
of any means of taklng the efYects of viscosity  into  account far unsteady 
motions, a simple approxirmtion t o  potential-flaw themy, namely slender- 
body theory, has therefore been  used far the purpose of  the  calculations 
described herein. (See ref .  8, for instance, for an outline of  a slender- 
body thew  XI q-si-steady flaw. ) 

The assumption made in slender-body theory is that the mamentun of 
the flow in  a plane  perpendidaz t o  the free stream is the same as it - 
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would be i f  this flow were twodimensional. This ass~mption  implies 
that the  derivative of the radius w i t h  respect  to  distance  along  the 
length of the body i e  small (which implies, in turn, that the body is 
very  slender, that is, the body has a high  fineness r a t i o ) ,  and, also, 
that the angle of attack and any motions are  small. (For a fuller dis- 
cussion of these assumptions from the mathematical point of view, see 
r e f .  9 . )  

The mcmnentum of the flow about a circular  cylinder for a unit length 
along the  cylinder is equal t o  the product of the  ra te  of motion of the 
cylinder and the  apparent msss, which is equal t o  the mase of air dis- 
placed by a unit  length of the cylinder, or p ~ R 2 .  A t  any section of a 
body of revolution  the  rate of motion re la t ive   to  the camponent of the 
free-stream  velocity normal t o  the axis of the body is w + h + (s - s1) dr; 
this value is w i t h i n  the approximations implied Fn slender-body  theory. 
Therefore,  the momentum per unit length along the body of the flow per- 
pendicular to   the body a t  this section is @fR2(s) VQ! + ; + s - 13 a . I ( 1) 'I 

The force exerted by the body on the fluid per unit length along the 
body is equal t o  the time r a t e  of change of the momentum per unit  length, 
the  ra te  of change being that along  the path of a particle,  that is, 
A. But within  the  approximation  implied in  slender-body  theory, 
D t  

D a  a Dt=x+vxc 
Therefore, the force per unit length along the body is 

Hence, if the body is performing oscillatfons  defined by 

Furt 
a = aoe 

iart 
h = hoe 
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then 

- w2(s - sl)srR2(s) + $ a IC$(S) + 
as 

The aeroaynamic force P (positive in the same di rec t ion  as h) 
and moment % (positive i n  the Bame direction as CY) are then 

= -pvb {[- 4. 2(s1 - a)], - u?h]em 0 

and 

where 



24 

and 
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or, i n  dimensionless form, 

and 

- 2"11 + 12)1cYo  + 

For the  airfoil-shaped body of revolution, these three  values are 
Io = 0.01626, 11 = 0.00674, and = 0.00335. 

For steady flow ((u = 0) equations (7) and (8) give the ham reaul ts  
of slender-body theory 

P = O  

= PV2V@ 

Aerodynamic Forces on Open Bodies 

In attempting t o  calculate the farce8 on the open tube in a similar 
manner, several problems ar ise .  If the  recovery  factor is aesumed t o  be 
100 percent, that is, if the velocity of  the flow in the tube is assumed 
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- t o  be equal in magnitude t o  the free-stream velocity,  the combined appar- 
en t  mas6 of both  the hternal and the external flow at a given  section 
of the bcdy is just  twice the apparent mass of the external flow used 
heretofore. However, one of the assumptions of slender-body theory, 
namely, the one concerning continuity of the radius along  the length of 
the body, is vlolated a t  the nose and tail section of the tube. Conse- 
quently, as a result of the  abrupt changes in cross-sectional area, not 
only the concentrated  forces  predfcted by slender-body theory a t  the nose 
and tail section  but also the distributed forces predicted on the remain- 
der of the  tube w e  open t o  question. 

For lack of a better theory a modified slender-body theory has been 
used t o  calculate aerodynamic forces on the open tube. The modification 
consisted  in disregarding the  concentrated f a c e s  on the tail section on 
the premise that both the external and the  internal flm leave the 
t r a i l i ng  edge of the tube tangentially and are  not realined w i t h  the free 
stream. This asslrmption is equivalent t o  the K v t t a  condition of subsonic 
airfoil   theory m d  is used a l so  in the  application of slender-body  approxi- 
mation t o  airfoil themy. (See ref. lo.) The asslrmptim is  t h u s ,  essen- 
t i a l l y ,  that the exit section of the tube acts l ike   the   t ra i l ing  edge of a 
wing of very low aspect  ratio.  

With these approximations  equatfons ( 6 ) ,  (9) , (LO), (11) , and (12) 
become, i n  the case of an open c y l h d r i c a l  tube, 

f 

c 
7 

J 

where 6 ( 6 )  is the delta  function which represents  the  concentrated 
loads, and 
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J 

Calculation of F lu t te r  Speeds and Frequencies 

For the streamllned b d y ,  the force &nd moment coefficients  given 
by equations ( 9 )  and (10) w e r e  intrduced  Into  eqmtione (1) and (2) 
with a and h given by equations (4) and (?), and an attempt was made 
t o  solve  these  equations by the conventional methods of  two-degree-of- 
freedom f lu t te r   ana lys i s .  (See r e f .  4, for instance.) However, no 
solution w a ~  found to   exis t ;   therefore ,  i f  the aerodynamic forces  were 
correct,   the bcdy would not  experience  f lutter a t  any f i n i t e  speed. For 
the open tube  the farce and moment coefficients even  by equations (14) 
and (15) were substituted  into  eqirations (1) and (2) .  In  thie   case 
f l u t t e r  speeds and frequencies  did & a t  and the computed values a re  
given in tab le  3 and are s h m  in figures 6 t o  8. 

For the tube ~n the f aked  s t ru ts   the   forces  and moments given by 
equations (14) Etna (17) w e r e  used for the  tube proper. For the   fa i r ing  
the force and moment were ass~med t o  be given by two-dimensional theory 
a t  any section and were obtained f r o m  reference 4. The aerodynamic Lnter- 
action between tube and f a i r ing  was thus neglected, 86 was the effect  of 
the f i n i t e  span on the forces experienced by the fairing. A Rayleigh-Ritz 
type of analysie was used w i t h  two modes, a l inear  torsion and a parabolic 



bendlng mode. These modes were  selected on the basis of the consider- 
ation that the s t r u t s  deflect somewhat as shown in the tK0 following 
schematic front views: 

Lateral displacement 

f ront  s rear s t r u t  

fa i r ing 

The f l u t t e r  speeds and frequencies  calculated in this manner are  given 
in  table 3 and are  also shown i n  figure 8. 

Calculation of the Frequency of the Uncoupled Yawing Oscillationa 

In  order t o  determine what c b r a c t e r b t i c s ,  if any, of t he  y a w i n g -  
oscillation  type of instability could  be  predicted,  cognizance was taken 
of the  fact  that these oscil lations did not involve aqy bending  deflec- 
tions; hence, h was set equal t o  zero in equations (l), (2), (g), 
and (10) and, for the sake of convenience, the s t ructural  damping coef- 
f ic ient  was assumed t o  be zero as w e l l .  The follarLng equations resulted: 
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A solution of equation (18) can be written as 

* = f  I I 

This solution  furnishes no information  concerning a speed a t  which the 
oscil lations may start but,  instead,  gives the frequency a t  which the 
body w i l l  tend t o   o s c i l l a t e  if it is yawed  away from its equilibrium 
position and then released. This fiequency I s  also  the dominant f ie -  
quency of the  response of the body t o  random excitation. The term 
-(a P I 7  2 I - 2aI + in the d-tor of  the expreseion is the r a t i o  
1- 0 1 u 
of the m o m e n t  of inertia of air at free-stream density  contained  within 
the  bcdy t o   t h e  mcgnent of lnertia of the body alone, both taken  about the 
e l a s t i c  axis. This term is inversely proportional t o  the mass ra t io;  it 
depends on the shape of the body t o  same extent  but is substantially 
independent of the elastic-axis  location. Except a t  extremely low mass 
ratios, this term is negligibly small; f o r  the  airfoil-shaped body for 
Instance, it is 0.0020 and 0.0019 - for  the  elastlc-axis  location 

used In the tests of serlee I and IX, respectively. 

P 
PO PO 

The numerator of the expression under 
I s  equal t o  1 - q*, where  q* is aefined 



Therefore, if  the small term in the denominator I s  neglected, equa- 
t ion (20) can  be  written a8 

In order to determine  the  speed at  which these  osci lht ions should 
occur equation (18) m u s t  be  solved  simultaneously  with  equation (19). 
However, the only real solution of equation (19) is V = 0 and, in 

addition, % = ( d o  - Il). merefore, if  the aeroaynamic forces 

given by equations ( 9 )  and (10) were correct,   oscil latians could  occur 
only at zero  airspeed. These oscil lations would then be the 0rdLnm-y 
still-air yawing oscillations, the condition 011 + being that necessary 
to uncouple the y a w i n g  f r a n  the sidewise-bending mode. 

Calculation of Divergence Speed 

Inasmuch as divergence is a s t a t i c  Fnstability phenomenon, the speed 
required  to  diverge  the body can be found by set t ing h, a, and q 
equal t o  zero i n  equations (1) and (10) ar, more simply ,  set t ing u) = o 
fn equation (la). TIUE, 

c 

or  

K 
Qivergence = A  

*‘b 

The divergence  speeds for the tests of series VI and VI1 are given 
in table 3 and are shown in  figures 7 and 8. For ser ies  I and II the 
value of Cldivergence may be obtained fra equation (24), and for any 
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other test it can be  obtained f r a n  the  values of q* and q given in 
table 3 .  Therefore, 

1. mK, for series I and I1 
29.4 fo r  series I 
492 for series 11 

-, in general Q 
Q+ 
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(a) Airfoil-ahaped body, basic 
open tube, and supports. 

"+ e 

(b) Bodies of revolution used as nose 
and tail sectione far the basic 
tube. 

Figure 1.- Dimensions of the various bodies and the suppart system. 

1 . 
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(a) Open tube. 

Figure 2.- Models  mounted in the Langley 4.5-foot flutter research tunnel. 

. 
(b) Airfoil-shaped b-. 

Figure 2.- Concluded. 

7 
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Figure 3 .- Plot of experimental speed, dynamic-pressure, and frequency 
parameters a t  flutter for the alrfoil-shaped body. (Table 3, test 
ser ies  I. 1 
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Alrepeed, v 

Figure 4 .- Plot of frequency of y a w  oscillatione against airspeed for 
the &foll-shaped body. (Table 3, t e s t  series II.) 

. 



Fi 

40 

.04 

I NACA RM L53ED7 

5.6 

4.8 

4.0 

$13 
Dlmenaimle~e  c p a m k  

press-=, P 

r;" 3.2 
rl 
o 

Q.4 
4 
0 

h 

0 

a o 2.4 s 
(I) 

, .  
&O 

4 

1.6 0 

-8 

" 
I 

0 
0 .2 .4 .6 .% 1.0 

Density ratio, 
PO 

. w e  5.- Plot of speed coefficient and dimensionless dynamic pressure 
against the  density  ratio for the body with hemtspherfcal nose and 
tail.  (Table 3, t e s t  eeries IV. ) 
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Figme  6 . -  P u t  of exgerimental and analytical speed and frequency 
p a r d t e r s  against the density r a t i o  for the open tube. (Table 3, 
test  series V. 1 
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Figure 7.- Plot o f  speed coefficients a t  flutter and divergence againat 
dimensionless center-of-gravity position far the open tube on unfaired 
charts. (Table 3, t e s t  series VI.) 
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Figure 8.- Plot of speed coefficients at f lut ter  aud divergence again& 
dimensionless center-of-gravity poeition far the open tube on falred 
charts. (Table 3, test series VII.) 
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(a) sped coefficients  at onset of (b) Frequency ratios  at  onset of 
yawing oscillations. ;yaKirrg OSCilLatiOnE. 

Figure 9.- Speed coefficient and frequency ratio at onset of' y a w  
oecillations of various bcdiee of revolution. (Table 3, t e e t  
series 111. ) 
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